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This paper addresses a method for shape design sensitivity analysis of a buckling load in a continuous elastic body. The
sensitivity formula for critical load is analytically derived and expressed in terms of shape variation, based on the contin-
uum formulation of the stability problem. Though the buckling problem is more eﬃciently solved by structural elements
such as a beam and shell, elastic solids have been chosen for the buckling analysis in this paper because solid elements can
generally be used for any kind of structure whether it is thick or thin. The initial stress and buckling analysis is carried out
by the commercial analysis code ANSYS. Sensitivity is then computed by using the mathematical package MATLAB with
the results of ANSYS. Several problems including straight and curved beams under compressive load, ring under pressure
load, thin-walled section and bottle shaped column are chosen in order to illustrate the eﬃciency of the presented method.
 2006 Elsevier Ltd. All rights reserved.
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In structural optimization, stability of structures constitutes an important class of problems in civil,
mechanical, and aeronautical engineering in order to avoid unexpected catastrophic failures and to produce
eﬃcient, reliable designs. The importance is more pronounced in the design of ﬂexible structures such as shells,
thin-walled, pressed containers, and long-span structures. Since the design of buckling performance is more
diﬃcult to measure than the static strength of structures, the role of optimization is more important in this
kind of design problems. In the optimization processes, sensitivity information, which embodies the gradient
of response functions such as changes in buckling loads with respect to the change of design parameters, plays
an important role in providing search directions toward an optimum solution. With unlimited computing
resources, a simple ﬁnite diﬀerence method (FDM) can be employed to determine the gradients. However,
for problems that have a high analysis cost, this method can become computationally very expensive.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.040
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design sensitivity analysis (DSA) method, which computes the gradient on an analytical or semi-analytical
basis, has emerged as an accurate as well as eﬃcient way to ﬁnd an optimum solution.
Until recent years, there have been a number of remarkable achievements that addresses sensitivity analysis
of buckling problems, which can be categorized as sizing and shape DSA, linear and nonlinear DSA and dis-
crete and continuum DSA depending on the way of the design deﬁnition and the problem formulation. The
buckling DSA was implemented mostly with the structural members such as beams, plates and shells. For
more detailed information, the readers may refer to the recent article by Ohsaki (2005) which contains an
excellent review but focusing on the nonlinear DSA along with the discrete approach. In the linear side,
Gu et al. (2000) studied shape as well as sizing optimization of structural members such as beams, plates
and shells considering buckling constraints. In their study, the sensitivity was computed using the discrete
approach, which elicits the sensitivity expression by taking the derivative of the discretized ﬁnite element equa-
tions with respect to the design parameters. de Boer and van Keulen (2000) considered the linearized buckling
problems as a means to illustrate their semi-analytical sensitivity analysis method, which also falls into the
discrete approach. The Koiter–Roorda frame and a shallow shell roof problem were considered as an exam-
ple. Sorokin and Terentiev (2001) considered a pin-jointed beam buckling problem in which the in-plane shape
of the beam is determined by using the classical series expansion method. O¨zakc¸a et al. (2003) also applied the
semi-analytical method in order to conduct sizing optimization of plate and shell elements.
Of note is that all of the previous studies on sensitivity analysis were carried out based on the discrete
approach, in which the discretized governing equations are diﬀerentiated with respect to the design parameters
in order to obtain sensitivity information. This makes it unable to utilize the existing commercial FE codes
because one needs the stiﬀness matrix information to that end. Another remark is that the previous studies
have considered mostly the sizing design under a ﬁxed shape conﬁguration, and structural analysis has been
limited to the structural members such as beam and shell elements.
In the context of shape design, there has been plenty of literature spanning more than a decade on the sen-
sitivity analysis in cases of static stresses of elastic solids as well as structural components. In most of the lit-
erature, the continuum approach has been employed in order to obtain the sensitivity expression, which
diﬀerentiates the original continuum formulation before discretization. Though this approach requires a
higher level of mathematics, it is known to be superior to the above mentioned discrete approach due to
advantages such as the better sensitivity accuracy and convenient implementation which require just a numer-
ical integration of an integral formula using the structural analyses solutions. Hence, this method can be
applied independent of the analysis code. Despite these advantages, the application of continuum approach
for buckling load sensitivity has not been found in research literature yet, even for structural components.
The aim of this paper is hence to address a method for the shape DSA of the buckling load in a continuous
elastic body. The sensitivity formula for critical load is analytically derived and expressed in terms of shape
variation, based on the continuum formulation of the stability problem. Though the importance of buckling
is more pronounced in structural members, elastic solids are considered in this paper because solid elements
can represent structural components as well by modeling them as thin solid elements. While nonlinear buck-
ling analysis is usually the more accurate approach and is therefore recommended for design or evaluation of
actual structures, this paper employs eigenvalue buckling analysis, which can be useful in linear problems. The
analysis is carried out by the commercial analysis code ANSYS. The sensitivity is computed by using the
mathematical package MATLAB with the results of ANSYS. Several problems including straight and curved
beams under compressive load, ring under pressure load, thin-walled section, and bottle shaped column are
chosen to illustrate the eﬃciency of the DSA method for shape parameters. Some implementation issues con-
cerning the sensitivity analysis are addressed for these problems.
2. Preliminaries
Consider a displacement vector ui in the continuous elastic body, in which the equilibrium equation is given
byrij;j þ fi ¼ 0 in X ð1Þ
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Here, the tensor of elastic constants satisfyDijkl ¼ Dklij ð3Þ
The boundary condition is typically given byui ¼ Ui on Cu
ti ¼ rijnj ¼ T i on Ct
ð4Þwhere Ui and Ti are prescribed displacement and tractions on their respective boundary Cu and Ct. By applying
the principle of virtual work, one can deﬁne a variational statement for this problem as follows:Z
X
rijðuÞeijðuÞdx ¼
Z
X
fiui dxþ
Z
Ct
T iui ds; 8ui 2 Z ð5Þwhere over-barred variables denote an arbitrary weighted displacement, and Z is the space of kinematically
admissible displacements, which vanishes on the boundary Cu. In this equation, the arguments u and u denote
that stress and strain are functions of their respective arguments. Once we can get a solution for u from this
equation, the stress distribution r(u), which we call the stress at initial equilibrium or initial stress, is deter-
mined afterwards during the post-processing step. The next step of the buckling problem is to ﬁnd critical load
factor at which the body ceases to be stable. The governing equation and boundary conditions are given as
follows (Washizu, 1974):rij;jðwÞ þ kðrjkðuÞwi;jÞ;k ¼ 0 in X
wi ¼ 0 on Cu
tiðwÞ þ ktjðuÞwi;j ¼ 0 on Ct
ð6Þwhere k is the critical load factor to be sought for and the vector w is the corresponding buckling displacement.
Then, the corresponding kfi or kTi constitutes the buckling load. By applying the principle of virtual work to
this equation, we can get another variational statement for wZ
X
rijðwÞeijðwÞdx ¼ k
Z
X
rijðuÞwk;iwk;j dx; 8wi 2 Z ð7ÞWe shall conﬁne this problem by assuming that the prescribed body forces fi as well as the surface forces Ti
vary neither their magnitudes nor their directions during the period of instability.
3. Shape DSA of stability problems
Let us ﬁnd out the sensitivity formula for the buckling problem. The objective is to get an explicit expres-
sion for the variation of k in terms of the shape variation. In a shape design problem, a popular way to
describe shape variation is to use the concept of the material derivative (Zolesio, 1981). Then the shape var-
iation vector corresponds to the ﬂuid ﬂow vector V(x), which is also called the design velocity ﬁeld, and the
variation due to the shape change becomes the material derivative. Take now the material derivative of Eq. (7)
to obtainZ
X
ðfrijðwÞgeijðwÞ þ rijðwÞfeijðwÞg þ rijðwÞeijðwÞV k;kÞdx
¼  _k
Z
X
rijðuÞwk;iwk;j dx k
Z
X
ðfrijðuÞgwk;iwk;j þ rijðuÞðwk;iÞwk;j þ rijðuÞwk;iðwk;jÞ
þ rijðuÞwk;iwk;jV k;k Þdx ð8Þ
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_eij ¼ e0ij þ eij;kV k ¼ eijð _wÞ  eijðw;kV kÞ þ eij;kV k
_rij ¼ r0ij þ rij;kV k ¼ rijð _wÞ  rijðw;kV kÞ þ rij;kV k
ð9ÞPut these expressions into (8), and note in the resulting equation that Eq. (7) also holds for _wi. Then we get_k
Z
X
rijðuÞwk;iwk;j dx ¼ 
Z
X
frijðw;kV kÞ þ rij;kðwÞV kgeijðwÞ þ rijðwÞfeijðw;kV kÞ þ eij;kðwÞV kg

þrijðwÞeijðwÞV k;k

dx k
Z
X
frijð _uÞ  rijðu;kV kÞ þ rij;kðuÞV kgwk;iwk;j

þrijðuÞððwk;lV lÞ;i þ wk;ilV lÞwk;j þ rijðuÞwk;iððwk;lV lÞ;j þ wk;jlV lÞ
þrijðuÞwk;iwk;jV l;l

dx
Z
X
ðrijð _wÞeijðwÞÞdx k
Z
X
ðrijðuÞ _wk;iwk;jÞdx ð10ÞIn this expression, the last two integrals include the material derivatives of w, which are implicit functions in
terms of the design velocity vector V. To remove these unknowns and turn them into explicit expressions in
terms of V, let us introduce an adjoint variable that satisﬁes the same buckling equation, i.e.,Z
X
rijðwÞeijðwÞdx ¼ k
Z
X
rijðuÞwk;iwk;j dx; 8wi 2 Z ð11ÞThen by replacing w with _w in this equation, and replacing w with w* in (10), the last two integrals can be
eliminated. Since the adjoint variable is the same as the primal variable, we can let w* be w. Integrate by parts
the terms including velocity derivatives in the resulting equation, and notice that the governing equation given
by (6) appears as a result of the integration, which removes the corresponding domain integrals. Then we
obtain_k
Z
X
rijðuÞwk;iwk;j dx ¼
Z
C
½2tiðwÞwi;jV j  rijðwÞeijðwÞV ndsþ k
Z
C
ð2tiðuÞwk;iwk;jV j
 rijðuÞwk;iwk;jV nÞds k
Z
X
frijð _uÞ  rijðu;lV lÞgwk;iwk;j dx ð12ÞHere, Vn denotes the normal component of the design velocity V on the boundary. In this equation, rð _uÞ,
which is initial stress but as a function of _u instead of u, appears in the last domain integral of the right side.
This is still implicitly a function of V by way of Eq. (5), which should be turned into an explicit expression in
terms of V. To this end, take the material derivative of (5) to obtainZ
X
rijð _uÞeijðuÞdx ¼ 
Z
X
ui;kV krij;jðuÞdxþ
Z
C
½fui;ktiðuÞ þ ui;ktiðuÞgV k þ ffiui  rijðuÞeijðuÞgV nds
þ
Z
Ct
T iuiDV s ds ð13ÞA detailed derivation procedure of this equation is not addressed here because it is described in the author’s
previous work (Choi et al., 2005). In this equation,DV s ¼ V k;ssk ¼ V nH þ V s;s ð14Þ
whereH is the curvature, Vs is the tangential component of the design velocity vector, and ,s denotes the deriv-
ative with respect to the tangential direction on the boundary. To remove the unknown material derivative
expression in (12), introduce another adjoint variable which satisﬁesZ
X
rijðuÞeijðuÞdx ¼
Z
X
eijrijðuÞdx ¼
Z
X
rijeijðuÞdx; 8ui 2 Z ð15Þwhereeij ¼ wk;iwk;j ð16Þ
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diﬀerent conditions in which the initial stress is imposed on the domain as follows:rIij ¼ rij ð17Þ
and homogeneous conditions are given on the whole boundary. Replace u with _u in (15), and replace u with u*
in (13). Then the dotted part of (12) becomes the right side of (13). Thus the last integral without k in (12)
becomes
Z
X
½rijð _uÞeij  rijðu;lV lÞeijdx ¼
Z
X
½ðui;kV kÞrij;j þ ðui;kV kÞ;jrijdx
Z
C
½ðui;kti þ ui;ktiÞV k þ ðfiui  rijeijÞV nds

Z
Ct
T iui DV s ds
¼ 
Z
C
½ðui;k~ti þ ui;ktiÞV k þ ðfiui  rijeijÞV n þ tiui DV sds ð18ÞIn this equation, the arguments u and u* are omitted for brevity. The symbol  appearing in this equation
denotes the diﬀerence, which is in case of stress,~rij ¼ rij  rij ð19Þ
Putting Eq. (18) into (12), it follows that_k
Z
X
rije

ij dx ¼
Z
C
½2T iwi;jV j  SijEijV ndsþ k
Z
C
ð2tieijV j  rijeijV nÞds
 k
Z
C
½ðui;k~ti þ ui;ktiÞV k þ ðfiui  rijeijÞV n þ tiui DV sds ð20ÞIn this equation, the argument w is also omitted for brevity, and the buckling solution variables are repre-
sented as capital letters in order to distinguish them from the initial equilibrium solutions. In this equation,
ui,j and wi,j are not directly computable on the boundary since the most commercial ﬁnite element analysis
codes, as in the present case, provide the strain tensor values only. These values, however, can be obtained
by using the following boundary relation:T iwi;jV j ¼ T iðwi;nV n þ wi;sV sÞ ¼ ðSijEij  Qiwi;sÞV n þ T iwi;sV s ð21Þ
whereQi ¼ Sijsj ð22Þ
This is the tangential component vector of the stress tensor. In Eq. (21), the derivatives with respect to the arc
length on the boundary appearing on the right side can be computed by taking numerical diﬀerentiation along
the boundary. Then Eq. (20) becomes_k
Z
X
rije

ij dx ¼
Z
C
½SijEijV n þ 2wi;sðT iV s  QiV nÞdsþ k
Z
C
eijð2tiV j  rijV nÞds
 k
Z
C
½ðeij~rij  ui;s~qi  qiui;s þ fiui ÞV n þ ðui;s~ti þ tiui;sÞV s þ tiui DV sds ð23ÞFor 3-D problems, formula (23) can be expanded to a more general form that includes a surface eﬀect. In
that case, dx and ds shown above represent the volume and the surface area element, respectively. If we denote
the two mutually orthogonal tangential directions on the surface as a and b, then the corresponding compo-
nents of the design velocity vector become Va and Vb respectively. Two tangential component vectors of the
stress are also deﬁned for the buckling displacement by capital letters asQi ¼ Sijaj; Ri ¼ Sijbj ð24Þ
and for the initial elastic displacement by lower-case letters asqi ¼ rijaj; ri ¼ rijbj ð25Þ
1598 J.-H. Choi / International Journal of Solids and Structures 44 (2007) 1593–1607Then the sensitivity formula of 3-D problem becomes_k
Z
X
rije

ij dx ¼
Z
C
½SijEijV n þ 2T iðwi;aV a þ wi;bV bÞ  2ðwi;aQi þ wi;bRiÞV ndsþ k
Z
C
eijð2tiV j  rijV nÞds
 k
Z
C
½ðeij~rij  ui;a~qi  ui;b~ri  qiui;a  riui;b þ fiui ÞV n þ tiðui;aV a þ ui;bV bÞ
þ~ti ðui;aV a þ ui;bV bÞ þ tiui DV sds ð26Þ
Note here thatDV s ¼ V k;aak þ V k;bbk ð27Þ4. Practical consideration
4.1. Overall step of implementation
Sensitivity formulas (23) for 2-D and (26) for 3-D cases can be symbolically written asZ
X
Dðu;wÞdx _k ¼
Z
C
Kðu;w; u;VÞds ð28ÞTo compute the sensitivity of _k, the solutions for u, w and u* as well as the design velocity vector V on the
boundary should be available. The overall computational procedure can be summarized as follows:
Step 1. Solve the problem of initial equilibrium equation (1) under the prescribed body force and boundary
tractions as given in Eq. (4) in order to obtain the primal displacement u.
Step 2. Solve the buckling problem as deﬁned in Eq. (6) in order to obtain the critical load factor k as well as
the corresponding displacement w.
Step 3. Solve the adjoint problem of the same initial equilibrium, but with the diﬀerent condition, which is to
impose initial stress as given in Eq. (17) and the homogeneous boundary conditions. Adjoint displace-
ment u* is obtained as a result.
Step 4. Parallel to Steps 1–3, determine the design velocity ﬁeld V on the boundary for each design parameter.
This will be addressed in a later section of this paper.
Step 5. Compute sensitivity values by putting all the values obtained from the previous steps into integral for-
mula (28).4.2. Computation of displacement gradient in the domain integral
In practical computation, the domain integral on the left side of (28), which is rewritten here asZ
X
rije

ij dx ¼
Z
X
rijwk;iwk;j dx ð29Þrequires the values of the displacement gradient wk,i. However, for cases involving the use of commercial anal-
ysis code, there is no way to retrieve directly the displacement gradient wk,i from the ﬁnite element solution
because they provide the strain tensor eij only. Then, one needs to compute this integral by performing a
numerical diﬀerentiation of the shape functions used to express the displacement at each domain element. This
integral is computed over the whole domain. The procedure for a 2-D case is shown here. Let the displacement
vector be represented in terms of its nodal values byw ¼ Nlðp; qÞwl ð30Þ
where Nl(p,q) denotes the shape function, l denotes local node id, and (p,q) are the two local coordinates in the
element. Then the gradient of the displacement is obtained from the following equation:w;j ¼
w;x
w;y
 
¼ x;p y ;p
x;q y ;q
" #1
w;p
w;q
 
¼ ½J 1 w;p
w;q
 
ð31Þ
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In the computation of the boundary integral shown on the right side of (28), boundary solution variables
such as displacements, strains, stresses and their tractions from buckling and elastic analyses should be avail-
able. In most commercial ﬁnite element analysis codes, these quantities are provided as nodal values in the
post-processing step. One can conveniently use these values in the computation of the boundary integral.
The tangential derivative of the displacement that appears in the integral can also be computed via numerical
diﬀerentiation with respect to the arc length s on the boundary. The initial strain that appears in the second
integral on the right side of (23) or (26), however, is not a simple case. To compute this, we need to know the
derivative of displacement on the boundary, which is not directly obtainable from the ﬁnite element solution.
This was already mentioned in the computation of domain integral (29). Computation of derivative of dis-
placement on the boundary, however, is not the same as that in the domain case, but is rather much more
complicated. Let us decompose the displacement derivative into the strain component in the normal and tan-
gential directions on the boundary. In the 2-D case, this becomeswi;j ¼ wk;lðnkni þ sksiÞðnlnj þ slsjÞ ¼ ennninj þ ensnisj þ esnsinj þ esssisj ð32Þwhereenn ¼ wi;jninj ¼ wi;nni; ens ¼ wi;jnisj ¼ wi;sni
esn ¼ wi;jsinj ¼ wi;nsi; ess ¼ wi;jsisj ¼ wi;ssi
ð33ÞIt should be noted here that ens5 esn. Theneij ¼ wk;iwk;j ¼ ðe2nn þ e2snÞninj þ ðennens þ esnessÞðnisj þ sinjÞðe2ns þ e2ssÞsisj ð34ÞAmong these, the terms including ,s shown in (33), which are ens and ess, can be computed again by the numer-
ical diﬀerentiation of wi with respect to the arc length on the boundary. The other components enn and esn are
computed using the stress–strain relationship on the boundary, which is in case of plane stressrnn
rss
rns
8><
>:
9>=
>; ¼
E
ð1 m2Þ
1 m
m 1
ð1 mÞ=2
2
64
3
75
enn
ess
cns
8><
>:
9>=
>; ð35Þwherecns ¼ csn ¼ ens þ esn ð36ÞIn Eq. (35), the stress components in the (n, s) coordinates are obtained from the following relations:rnn ¼ rijninj; rns ¼ rijnisj; rss ¼ rijsisj ð37Þ
The stress tensor rij here is available from the ﬁnite element solution. It should be mentioned that the strain
component ess, which has already been obtained by numerical diﬀerentiation, can also be determined by solv-
ing Eq. (35). Though the two methods should theoretically lead to the same values, in practice they can be
diﬀerent. In this study, ess is obtained by numerical diﬀerentiation. In the 3-D case,wi;j ¼ ennninj þ enaniaj þ enbnibj þ eanainj þ eaaaiaj þ eabaibj þ ebnbinj þ ebabiaj þ ebbbibj ð38Þ
whereenn ¼ wi;jninj ¼ wi;nni; ena ¼ wi;jniaj ¼ wi;ani; enb ¼ wi;jnibj ¼ wi;bni
ean ¼ wi;jainj ¼ wi;nai; eaa ¼ wi;jaiaj ¼ wi;aai; eab ¼ wi;jaibj ¼ wi;bai
ebn ¼ wi;jbinj ¼ wi;nbi; eba ¼ wi;jbiaj ¼ wi;abi; ebb ¼ wi;jbibj ¼ wi;bbi
ð39Þ
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þ ðennena þ eaneaa þ ebnebaÞðniaj þ ainjÞ þ ðennenb þ eaneab þ ebnebbÞðnibj þ binjÞ
þ ðenaenb þ eaaeab þ ebaebbÞðaibj þ biajÞ ð40ÞAs in the 2-D case, the strain components in (n,a,b) directions are computed using the stress–strain relation-
ship on the boundary, which isrn
ra
rb
rna
rnb
rab
8>>>><
>>>>>:
9>>>>=
>>>>>;
¼ E 1ð1þ mÞð1 2mÞ
1 m m m
v 1 m m
m m 1 m
ð1 2mÞ=2
ð1 2mÞ=2
ð1 2mÞ=2
2
666666664
3
777777775
enn
eaa
ebb
cna
cnb
cab
8>>>><
>>>>>:
9>>>>=
>>>>>;
ð41Þ
where the shear strains are deﬁned ascna ¼ can ¼ ena þ ean
cnb ¼ cbn ¼ enb þ ebn
cab ¼ cba ¼ eab þ eba
ð42ÞNote here again that the six strain components ena, enb, eaa, eab, eba, ebb, which include tangential derivatives
of the displacement in their respective directions on the boundary, can be calculated by numerical diﬀerenti-
ation. Then the three strain components eaa, ebb, cab shown on the right of (41) can be calculated both ways. In
this study, numerical diﬀerentiation is employed to determine these components. Among the remaining three
strain components, enn is obtained by solving Eq. (41). The other two components ean, ebn are also determined
from the solution of (41) through the relations in (42).
4.4. Computation of design velocity vector
In Eq. (28), the design velocity vector V on the boundary appears in the expression. Since the design to be
determined is the shape itself, and since the shape is usually expressed by a combination of geometric functions
such as line, arc, and splines, the design to be determined is a ﬁnite number of design parameters used in the
geometric functions. If we denote the design parameter set as b = {b1,b2, . . . ,bn}, the boundary shape, i.e., the
coordinates of the boundary, is a function of these parameters as follows:x ¼ xðbÞ; x  C ð43Þ
The design velocity is related to the design parameter according toV 	 dx ¼
Xn
i¼1
ox
obi
dbi ¼
Xn
i¼1
Vidbi ð44Þwhich states that the design velocity is the change of point x on the boundary due to the variation of each
design parameter. The superscript i denotes the design velocity of the ith design parameter. After applying this
expression to formula (28), the sensitivity is eventually expressed as_k ¼ 1R
X Dðu;wÞdx
Xn
i¼1
Z
C
K u; u;
ox
obi
 
ds  dbi ¼
Xn
i¼1
GRADi  dbi ð45Þwhere GRADi is the gradient value for the design parameter bi, which is used in the optimization routine. The
design velocity ﬁeld can be obtained analytically by taking the derivative of the geometric functions with
respect to the design parameters. This requires, however, complex manipulation of the functions. An easier
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(Hardee et al., 1999). Then the shape variation vector becomesViðxÞ ¼ ox
obi

 1
Dbi
xðbþ DbieiÞ  xðbÞf g ð46Þwhere ei denotes the unit vector in the ith design parameter direction. In fact, this is calculated at each node on
the boundary of the FE model. By doing things this way, computation of the shape variation is not only easy
but also independent of the geometry function. The loss of accuracy in this approach is ignorable since we
perturb only the geometry, which is distinguished from the original full FDM that carries out the entire anal-
ysis for each perturbed design. Computing time is only slightly increased because there is neither domain
meshing nor the equation solving process.
5. Examples of sensitivity analysis
5.1. Straight beam with constant thickness
Consider a cantilever beam as shown in Fig. 1 with built-in left end in which length is 2 and thickness is 0.2.
Young’s modulus E and Poisson ratio m are 200E9 and 0.293, respectively. Pressure is exerted at the right end
with unit magnitude. The analytical solution is given by Euler’s formula based on the beam theoryk ¼ p
2
4
EI
l2
where I ¼ bð2tÞ
3
12
ð47ÞDesign variables are length l and half-thickness t of the beam measured from the neutral axis. The width b is
assumed unity. The analytical sensitivity of k with respect to each design parameter can be obtained by taking
the derivative of this equation. The calculated value of k is 4.1123E8, and the sensitivities are 4.1123E8 and
8.2247E9, respectively. The buckling problem is solved by using the 8-noded quadrilateral element PLANE82
of ANSYS without a pressure loading eﬀect, which means that the direction of the pressure load does not
change during the buckling deformation. It should be mentioned here that if the structural elements were em-
ployed for the buckling analysis of this problem, the thickness variable t would represent sizing parameter
whereas it represents shape parameter in this case. The sensitivity is computed by using FDM and DSA meth-
ods, respectively, for various combinations of number of elements along the length and thickness directions,
which are denoted as Nx and Ny. The accuracy of the DSA method is evaluated by computing the ratio of the
DSA value divided by the FDM value. If this is close to 100%, it is regarded as accurate. The results are given
in Table 1. Accuracy improves as the number of elements is increased. In case of (Nx,Ny) = (40,16), which is
the ﬁnest mesh, the computed value of k and DSA sensitivity with respect to the two design parameters are
4.0789E8, 4.0750E8 and 8.1455E9, respectively. The errors from the analytical solution of these values
are less than 1%.
5.2. Beam with varying thickness
In this example, the half-thickness is varied along the length of the beam as shown in Fig. 2. The proﬁle of
the half-thickness is given by the 3 point B-spline function, which is assumed to be symmetric with respect to
the neutral axis of the beam. In this case, the design variables are the length l and the half-thickness t at theFig. 1. A straight beam problem.
Table 1
Sensitivity comparison of critical load in the straight beam problem
Nx Ny Critical load Design variable = length 2.0 Design variable = half height 0.1
FDM DSA Ratio FDM DSA Ratio
10 2 4.0799E+08 4.0405E+08 4.5268E+08 112.04 8.0983E+09 1.0142E+10 125.23
10 4 4.0797E+08 4.0397E+08 4.5398E+08 112.38 8.0947E+09 8.6315E+09 106.63
10 8 4.0797E+08 4.0409E+08 4.4465E+08 110.04 8.0952E+09 8.2539E+09 101.96
10 16 4.0798E+08 4.0404E+08 4.3678E+08 108.10 8.0964E+09 8.1632E+09 100.83
20 2 4.0792E+08 4.0404E+08 4.3517E+08 107.70 8.0959E+09 1.0106E+09 124.83
20 4 4.0789E+08 4.0400E+08 4.2706E+08 105.71 8.0946E+09 8.6200E+09 106.49
20 8 4.0789E+08 4.0397E+08 4.1720E+08 103.27 8.0953E+09 8.2420E+09 101.81
20 16 4.0790E+08 4.0395E+08 4.1398E+08 102.48 8.0919E+09 8.1469E+09 100.68
40 2 4.0791E+08 4.0414E+08 4.3158E+08 106.79 8.0958E+09 1.0084E+09 124.55
40 4 4.0789E+08 4.0393E+08 4.2162E+08 104.38 8.0947E+09 8.6113E+09 106.38
40 8 4.0789E+08 4.0397E+08 4.1112E+08 101.77 8.0945E+09 8.2401E+09 101.80
40 16 4.0789E+08 4.0389E+08 4.0750E+08 100.89 8.0952E+09 8.1455E+09 100.62
Fig. 2. FE model of a beam with varying thickness for the case of half-thickness t = 0.1.
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numbers of elements (Nx,Ny) are 40 and 16. The half-thickness is varied from 0.1 to 0.3 by increments of 0.1.
The results are given in Table 2, from which the accuracy is found to be favorable.
5.3. Curved beam with constant thickness
In this case, the beam is curved as shown in Fig. 3 where the thickness is kept constant along the length. The
curve is modeled by the 3 point B-spline function. The heights at the left, mid, and right end are 0.1, 0.5, and
0.1, respectively. The design variables are the height at the mid-point of the B-spline curve h and the beam
thickness t. The numbers of elements (Nx,Ny) are 80 and 8. Three thicknesses are examined in this problem
and the results are given in Table 3. As the thickness decreases, i.e., as the beam becomes slender, the accuracy
of the height sensitivity degrades whereas the accuracy of the thickness sensitivity is constantly good. The rea-
son may be due to the increased aspect ratio of the solid element between length and height, which necessitatesTable 2
Sensitivity comparison of critical load in a beam with varying thickness
Half-height Critical load Design variable = length 2.0 Design variable = half height
FDM DSA Ratio FDM DSA Ratio
0.1 6.7625E+08 6.6329E+08 6.9973E+08 105.49 1.6382E+10 1.6441E+10 100.36
0.2 3.1988E+09 3.0797E+09 3.1664E+09 102.81 3.2226E+10 3.2038E+10 99.40
0.3 6.6666E+09 6.1021E+09 6.2752E+09 102.84 3.4963E+10 3.4555E+10 98.83
Fig. 3. FE model of a curved beam with constant thickness for the case of t = 0.1.
Table 3
Sensitivity comparison of critical load in a curved beam with constant thickness
Thickness Critical load Design variable = height at mid-point Design variable = thickness
FDM DSA Ratio FDM DSA Ratio
0.1 2.7590E+08 5.0840E+08 5.2938E+08 104.13 5.59365E+09 5.6277E+09 101.65
0.02 1.0945E+07 2.1170E+07 2.2259E+07 105.15 2.1931E+07 2.2270E+07 101.55
0.01 2.7339E+06 5.3030E+06 5.8243E+06 109.83 5.4694E+06 5.5506E+06 101.48
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thus justiﬁes the validity of the DSA method.
5.4. Ring under pressure and point loads
In this example, a quadrant of a ring with symmetry boundary conditions along the two central axes with
radius 2 and thickness 0.1 is considered for two load cases. In the ﬁrst case, a unit pressure is exerted at the
outer circle, and in the second case a point load is exerted at the mid-point of the inner circle at a 45 direction
toward the origin. For the case of the point load, the initial stress state and the buckled shape are given in
Fig. 4a and b, respectively. The sensitivities under various numbers of elements are given in Table 4, in which
Na and Nb denote the number of elements along the circumferential and thickness directions, respectively. The
accuracy of the radius sensitivity is found to be much more sensitively inﬂuenced by the number of elements,
whereas the thickness sensitivity is always satisfactory. A similar phenomenon was observed in the curved
beam with constant thickness example. This means that a mesh reﬁnement study should be undertaken in
order to ﬁnd an acceptable mesh level that ensures accuracy of sensitivity, which leads to a successful optimum
solution.
5.5. Straight beam with curved section
A 3-D straight beam with a curved section is considered in this example, as shown in Fig. 5a. For the shape
of the section, the same geometry of the previous problem – a curved beam with constant thickness – is used.
The length of the beam is 10. The design variables are the height measured from the x-axis at the mid-point of
the spline and the thickness. All the displacement degree of freedom at the end with z = 0 is ﬁxed. At the other
end where the pressure is exerted, the displacement in x- and y-direction is also ﬁxed, allowing only for dis-
placement in the z-direction. SOLID95 is used for the buckling analysis in ANSYS. In Fig. 5b, the buckled
shape is shown under this condition. Sensitivities under various numbers of elements are given in Table 5.
Here, Nx, Ny are the numbers of elements along the circumferential and thickness directions of the curved sec-
Table 4
Sensitivity comparison of critical load in the ring problem
Na Nb Critical load Design variable = radius 2.0 Design variable = thickness 0.1
FDM DSA Ratio FDM DSA Ratio
Pressure load 10 4 7.5486E+06 1.0628E+07 2.9590E+07 278.41 2.1316E+08 2.1548E+08 101.09
20 4 7.3630E+06 1.0550E+07 1.3295E+07 126.01 2.1161E+08 2.1952E+08 103.74
40 4 7.3520E+06 1.0545E+07 1.2415E+07 117.73 2.1151E+08 2.1962E+08 103.83
40 8 7.3520E+06 1.0545E+07 1.1136E+07 105.60 2.1150E+08 2.1335E+08 100.87
40 16 7.3520E+06 1.0545E+07 1.0766E+07 102.09 2.1150E+08 2.1181E+08 100.14
Point load 10 4 2.8552E+07 2.7565E+07 8.5063E+07 308.59 8.3847E+08 8.4456E+08 100.73
20 4 2.7952E+07 2.7765E+07 4.1805E+07 150.57 8.3648E+08 8.6549E+08 103.47
40 4 2.7954E+07 2.7795E+07 4.6742E+07 168.17 8.3701E+08 8.6749E+08 103.64
40 8 2.7927E+07 2.7768E+07 3.8474E+07 138.55 8.3629E+08 8.4314E+08 100.82
40 16 2.7863E+07 2.7667E+07 2.9431E+07 106.38 8.3369E+08 8.3496E+08 100.15
Fig. 4. Ring under point load. (a) Initial stress state; (b) Buckled shape.
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sensitivity of the ﬁrst design variable, the integral over the two lateral edge surfaces located along the axial
direction are not included because those parts contribute minimally to the shape variation when the height
of the curved section changes. This means that theoretically the sensitivity should not diﬀer much whether
those surfaces are included or not. In practice, however, the sensitivity accuracy signiﬁcantly degrades when
it is included. The reason is due to the poor accuracy of the ﬁnite element solution for these surfaces.
5.6. Bottle-shaped column under compression
In this example, a 3-D bottle-shaped column under compression is considered, as shown in Fig. 6. The
curve at the (x,z) plane is constructed using the 5 point B-spline function having uniform intervals. The sur-
face is generated by rotating this curve about the z-axis. Thickness is then added to this surface. The bottom of
the bottle, which is the plane at z = 0, is ﬁxed, while the pressure is applied at the other end. The length of the
bottle is 20. The heights of the curve at the two end points are given as constants, 2.4 and 1.0. The design vari-
ables are the heights at the three inner control points, which are 2.4, 1.7, and 1.0, and the thickness, which is
0.2. The number of elements in the thickness and circumferential directions are given as 2 and 25, respectively.
Fig. 5. Straight beam with curved section. (a) Problem statement; (b) Buckled shape.
Table 5
Sensitivity comparison of critical load in the straight beam with curved section
Nx Ny Nz Critical load Design variable = height at mid-point Design variable = thickness
FDM DSA Ratio FDM DSA Ratio
5 4 5 6.6859E+08 2.5818E+09 2.6355E+09 102.08 2.7474E+09 3.6628E+09 133.32
5 4 10 6.6295E+08 2.5888E+09 2.6474E+09 102.26 2.6650E+09 3.8627E+09 144.94
5 4 20 6.6478E+08 2.6011E+09 2.6397E+09 101.48 2.6614E+09 3.2607E+09 122.52
5 4 40 6.6623E+08 2.6069E+09 2.6333E+09 101.01 2.6637E+09 2.8215E+09 105.92
5 8 10 6.6288E+08 2.5888E+09 2.6664E+09 103.00 2.6636E+09 2.8360E+09 106.47
10 8 10 6.6277E+08 2.5884E+09 2.6520E+09 102.45 2.6594E+09 2.8145E+09 105.83
10 8 20 6.6467E+08 2.6008E+09 2.6402E+09 101.52 2.6610E+09 2.7351E+09 102.79
Fig. 6. Buckled shape of a bottle-shaped column under compression.
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racies are found to be satisfactory for the height design variables. For the thickness parameter, however, the
Table 6
Sensitivity comparison of critical load in the ring problem
Nz Critical load Design variables FDM DSA Ratio
20 3.1029E+09 2.4 2.6957E+08 2.8039E+08 104.01
1.7 1.3190E+09 1.3103E+09 99.34
1.0 4.2620E+09 4.5641E+09 107.09
0.2 2.0432E+09 2.4469E+09 119.76
40 3.0952E+09 2.4 2.6450E+08 2.7040E+08 102.23
1.7 1.3085E+09 1.3038E+08 99.64
1.0 4.2402E+09 4.3893E+09 103.52
0.2 2.0992E+09 2.2318E+09 106.32
60 3.0939E+09 2.4 2.6366E+08 2.6746E+08 101.44
1.7 1.3068E+09 1.3061E+09 99.94
1.0 4.2359E+09 4.3296E+09 102.21
0.2 2.1078E+09 2.2468E+09 106.59
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rate as the heights sensitivity.
6. Discussions and conclusions
In this paper, theory and numerical implementation are addressed for the shape design sensitivity analysis
of buckling loads of an elastic body. A sensitivity formula for the critical load with respect to shape variation
is obtained on an analytical basis, in which the variational equations for the two states – initial stress equilib-
rium and buckling conﬁguration – are used during the derivation. The formula requires three solutions, which
are the primal solution from the initial equilibrium, the buckling solution based on the initial stress distribu-
tion, and the adjoint solution under the initial stress given by the buckling displacement. Then, sensitivity can
be computed by numerical integration over a part of the boundary that has a varying shape. The shape var-
iation, which is also called the design velocity ﬁeld, is required in order to compute the formula on the bound-
ary, which can be conveniently obtained by applying a ﬁnite diﬀerence concept for each design parameter.
Various examples including 2-D and 3-D problems are considered in order to illustrate the usefulness of
the method. Even though the continuous solid elements are used in this paper for the modeling of thin shell
and beam shapes, the results show that the sensitivity accuracy is quite favorable. One interesting feature is
that the thickness parameter in the beam-type model, which is the sizing parameter when the structural ele-
ments are employed, can be considered as the shape parameter by employing solid elements. The results of
the study show that the present method can be universally applied to any kind of buckling design problem
by modeling the structure as a solid whether it is thick or thin. This is particularly useful when the model
is imported from CAD software, which is usually in the form of a 3-D solid, not in the form of a curve or
area. Though this will substantially increase computing time compared to the case of using structural ele-
ments, it is still more attractive because it is not necessary to spend time transforming the 3-D solid into its
equivalent shell elements. The proposed method is implemented based on the linear assumption that the defor-
mation is inﬁnitesimal. The approach, however, can be extended to the nonlinear problems with large defor-
mation as long as the original variational equation can be solved via Newton–Raphson iterative method, in
which the linearized incremental equation is deﬁned in continuum formulation. For more information, mono-
graph by Choi and Kim (2005) can be consulted. The proposed DSA method can then be applied to the lin-
earized equation for the sensitivity evaluation of critical load factor, though the implementation would be
much more complicated.
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